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The main purpose of this note is to present and to generalize results from 17] and to use them to study properties and the construction of vector bundles on smooth complex projective varieties X of dimension n 2.
In 17], the rst author proved that the Cayley-Bacharach property of a zerodimensional complete intersection in X is equivalent to the k-very ampleness of some adjoint linear systems. In this paper, we show that the result remains true for the zero-dimensional subscheme de ned by the zero set of a global section of a rank n vector bundle (Theorem 7), generalizing a theorem of Gri ths and
Harris 8], p.677. Due to the Bogomolov inequality for rank 2 semistable vector bundles 4] 12], we can establish the Cayley-Bacharach theorem for codimension 2 subschemes de ned by global sections of rank 2 vector bundles (Theorem 8 and Corollary 9). This result can be used to reprove Paoletti's theorem 14] 13], a generalization of the classical theorem of Halphen. As an application, we give an explicit construction of rank 2 vector bundles from codimension 2 subschemes (Theorem 10).
Throughout this paper we use the notion \k points" for any zero-dimensional subscheme of length k, not requiring the points to be distinct. The degree of an object is de ned with respect to an xed ample divisor A on X, hence the degree of a codimension r subscheme Y of X is de ned by deg Y = A n?r Y , although A is not mentioned in the statements.
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1. An Exact Sequence Let X be a smooth projective variety over C of dimension n 2, and let Z be a subscheme of X of pure codimension r 2.
Given a subscheme Z 0 Z, the \complement" Z 00 of Z 0 in Z is the canonical 
Proof. By Serre duality ( 9] , Theorem 7.6) one has an isomorphism
On the other hand, (1) implies that Ext j (O X ; E i (F )) = H j (E i (F )) = 0; for i r ? 2; 1 j r ? 1: (3) From ( , it remains to prove that the morphism is zero. Indeed, E _ r?2 = E 0 det E and by Serre duality is the dual morphism of H n?r+1 (
On the other hand, from (4), we obtain a commutative diagram
Since s is vanishing on Z 0 , we nd sj Z 0 to be zero, which implies that the morphism s is zero as well. u t Conversely, from a class as in 2), we have to construct a solution (E; s; F). Let F 1 ; ; F r be su ciently ample hypersurfaces containing . Assume that Z = F 1 F r is a complete intersection. From Theorem 1, we can nd an f 2 H 0 (I Z? (F )) such that = (f), let F = Z(f). Then Note that \0-very ample" is equivalent to \base point free", and \1-very ample" is equivalent to \very ample". Theorem 7. For a xed divisor L on X and a positive integer k, the following conditions are equivalent. 1) Let E be a rank n vector bundle with a nonzero global section s such that Z = Z(s) is a zero-dimensional subscheme, and let F 2 j det E ? Lj. If u t If L = ?K X , then obviously jK X + Lj is base point free. Hence the rst part of Theorem 7 is true for k = 1. This is the Cayley-Bacharach Theorem due to Gri ths and Harris without the assumption that Z(s) is reduced (cf. 8], p.677).
Since O P n(k) is k-very ample, one obtains a Cayley-Bacharach theorem on P n 17]. In fact, this theorem is sharp.
Rank 2 Vector Bundle Case
A divisor L is called numerically e ective (nef) if the intersection number L:C is non negative, for all irreducible curves C on X.
Theorem 8. Let L be a nef divisor, let E be a rank 2 vector bundle on X, and let s be a global section such that Z = Z(s) is of pure codimension 2. For some Corollary 9. Keeping the notations introduced above, let H be an ample divisor on X, let`be a positive integral, and let F 2 j det E ?`Hj: If F passes through an (n ? 2)-dimensional subscheme of Z(s) whose degree is larger than or equal to deg Z(s) ?`+ 2, then F passes through Z(s). Remark. Theorem 8 can be used to study the codimension 2 subvarieties in projective space. We assume that Y is a codimension 2 projective subscheme of P n . We are interested in the following invariants. This reproves a theorem of Paoletti in 14].
An Explicit Construction of Rank 2 Vector Bundles
As wellknown, a codimension 2 subscheme of X is the zero subscheme of a global section of a rank 2 vector bundle, provided it satis es certain cohomological conditions. In this section, we are going to give an explicit construction of the corresponding vector bundle using the methods developed above. We will prove that under those cohomological conditions on , we can nd three Note that there is a natural surjective morphism : ! Z =! S ! ! Z j S . Comparing (8) and (9), we nd to be an isomorphism. This proves (6) . Thus the rank 2 vector bundle E = F(F 1 +F 2 ) has a section s whose zero subscheme is , and det E = F 1 + F 2 ? F 3 . u t
